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Abstract

The University of Michigan�s land surface process/radiobrightness (LSP/R) model was developed as a step toward linking a

traditional SVAT model to satellite microwave observations. The LSP model simulates land–air interactions and estimates surface

fluxes, temperature and moisture profiles in soil and vegetation when forced with observed weather. These estimates are used by a

microwave emission model, called the R model, that predicts terrain brightness temperatures. In this paper, we evaluate accuracy of

the numerical methods used in the LSP model. Such rigorous tests were not conducted during the early development of the model.

We describe three test-scenarios that included comparing the numerical solution with an analytic solution, evaluating coupled

energy and moisture transport for a simple case, and calculating errors in energy and mass balance in the model for a realistic case

using field observations. The original version of the model was modified to make it more applicable to the field conditions for the

third test-case. Results from these tests demonstrate the physical self-consistency of the model and its successful implementation for

the simple scenarios, and argue for its extendibility to more realistically complex cases.

� 2003 Elsevier Science Ltd. All rights reserved.

1. Introduction

Soil vegetation atmosphere transfer (SVAT) models

are used to simulate energy, moisture, and momentum

fluxes at the lower boundary of atmospheric general

circulation models (AGCMs). Examples of SVAT
models include biosphere atmosphere transfer scheme

(BATS) [9,10], simple biosphere-2 (SiB-2) model [45],

simple SiB (SSiB) [49], land surface model (LSM) [2],

and variable infiltration capacity (VIC) model [28,29]. A

functional requirement of these models is that they

maintain estimates of the stored water field, i.e., esti-

mates of the spatial distribution of water stored in soil,

snow, and vegetation that is available to the atmosphere
through evaporation and transpiration. It is well known

that the AGCMs� predictions for continental weather

and near-term climate are highly sensitive to errors in

these stored water estimates [1].

Microwave brightness at longer wavelengths, for

example at 20 cm, is usefully sensitive to near-surface

soil moisture and temperature profiles through most

vegetation canopies [20,21,44]. This sensitivity to near-

surface moisture enables a satellite technique for reliably

inferring the stored water field. While the microwave
brightness is sensitive to moisture only in the upper few

centimeters of soil, assimilation of near-daily observa-

tions using an appropriate SVAT model can yield soil

moisture profiles to depths of a meter or more [3,11,13,

19,27,41,42,48]. For such assimilation to result in con-

vergence to an accurate moisture profile, there cannot

be systematic errors in the SVAT thermal or moisture

transport processes, or in the radiobrightness (R) rela-
tionship to near-surface soil moisture distribution. Our

current knowledge of the underlying physics permits

highly accurate model simulations of thermal and mois-

ture transport processes in unsaturated soils [4,34], even

though the computational demands of AGCMs have

required extensive simplifying parameterizations of

conventional SVAT models [46].
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The University of Michigan�s Microwave Geophysics

Group (UM-MGG) has developed a series of terrain-

specific physically based SVAT models that are linked

to microwave emission models [12,24,31–33]. Unlike

most SVAT models intended for use with AGCMs, the
Michigan�s land surface process (LSP) models are di-

agnostic models in that they strive for physical fidelity at

the cost of computational complexity. They simulate

one-dimensional coupled heat and moisture transport

in unsaturated soils [7,39] when forced with observed

downwelling short and long-wave radiation, and mi-

crometeorological observations of air temperature, rel-

ative humidity, wind speed, and precipitation. They are
initialized with observed soil temperature and moisture

profiles augmented at depths below 1 m with model-

based climatic profiles. Estimates of soil and canopy

moisture and temperatures from the LSP models are

used by the microwave emission or R models to predict

brightness temperatures (see Fig. 1). As our models

evolved, we sought more rigorous means for testing

their integrity. In this paper, we present a numerical
validation of the LSP model developed by Liou and

England [33] for prairie grasslands. We demonstrate its

internal consistency and its agreement with an analytical

solution for a simplified system. We also extend the

model to a realistic complex system and check errors in

energy and moisture balance.

2. The LSP model for prairie grasslands

2.1. Biophysics and governing equations

The LSP model (called 1-dH module in the original
model) consists of bi-layered vegetation over a soil

whose constitutive properties are constant throughout

the profile. Fig. 2 shows the land surface processes

simulated in the model. Vegetation cover can be

assigned from 0% (bare soil) to 100% (continuous

canopy). The vegetation includes a photosynthetically

active canopy layer and a thermally insulating, non-

photosynthetic thatch layer. The thatch is very simplistic
in the model with no moisture holding capacity, does

not affect the moisture exchanges between the canopy

and the soil, but does influence the exchange of radiant

energy between the soil and the photosynthetically

active layer.

The soil is divided into 60 computational blocks.

Because soil closer to the surface is more influenced by

rapid changes in weather and downwelling radiance,
thicknesses of the blocks increase exponentially with

depth. When vegetation is present, the upper blocks also

serve as a root-zone where moisture for transpiration is

drawn from the soil, as shown in Fig. 2. The constitutive

properties of soil, such as moisture and thermal diffu-

sivities, tortuosity, thermal conductivity, and water re-

tention, are estimated from empirical models that have

earned acceptance in the literature [8,25,26,31,43]. The
moisture and energy balance equations for the soil are

[7,39]:

oXm

ot
¼ �r �~qqm

oXh

ot
¼ �r �~qqh ð1aÞ

Xm ¼ qlðhl þ hvÞ

Xh ¼ CmðT � T0Þ þ L0qlhv þ ql

Z hl

0

W dh
ð1bÞ

~qqm ¼ �qlðDTrT þ Dhrh þ Kk̂kÞ
~qqh ¼ �krT þ L0~qqv þ ðcpqv þ clqlÞðT � T0Þ

ð1cÞ

where, all the symbols above are defined in Appendix A.

The energy fluxes in the canopy layer are primarily

driven by insolation and canopy thermal infrared (TIR)

emission, while moisture fluxes are driven by evapora-
tion and transpiration. The energy and moisture trans-

port equations for the canopy are:

oXmc

ot
¼ qlðPc � Dc � EcÞ ð2aÞ

oXhc

ot
¼ �ðHc þ Lc � RncÞ ð2bÞ

where, Xmc and Xhc are the total moisture and heat

contents per unit area stored in the canopy, respectively,

(kg/m2 and J/m2); ql is the density of liquid water

Weather data

of canopy & soil, and

fluxes
energy and moisture

Temperature & moisture

Sky brightness

Terrain brightness

from field expt.

LSP model

R-model

Fig. 1. A flow diagram of interactions between the LSP and R models

in the LSP/R model.
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(kg/m3); Pc, Dc and Ec are the rates of precipitation,

water drainage and evaporation (m/s); Hc is the sensi-

ble heat flux between the atmosphere and the canopy

(W/m2); Lc is the latent heat flux between the atmosphere
and the canopy due to evapotranspiration (W/m2) and

Rnc is the net radiation (longwave and shortwave) ab-

sorbed by the canopy (W/m2). The suction from root

zone affecting the latent heat flux is modeled following

Verseghy et al. [47] and Noilhan and Planton [35].

The moisture and energy fluxes across the upper

boundary, i.e., at the interface between soil and vege-

tation, are driven by net precipitation and radiation
reaching the soil surface as follows:

qmð0; 1Þ ¼ qlðDc � Es � Etr � runoffÞ ð3aÞ

qhð0; 1Þ ¼ Rns � H � L ð3bÞ
where,

• qmð0; 1Þ and qhð0; 1Þ are the moisture and heat flux

densities at the interface between blocks 0 (vegeta-
tion) and 1 (soil surface), respectively,

• H and L are the sensible and latent heat fluxes from

the soil, respectively (W/m2),

• Dc is the rate of drainage from the canopy (m/s),

Dc ¼ total precipitation – interception by the canopy,

• Es is the rate of evaporation from the soil (m/s),

• Etr is rate of transpiration from the root zone (m/s)

and,

• Rns is the net radiation (longwave and shortwave) ab-

sorbed by the soil (W/m2).

The energy and moisture fluxes across the lower
boundary, i.e., at the interface between the nth and

nþ 1th computational blocks, are set equal to the fluxes

across the interface between n� 1th and nth block (see

Fig. 2). This allows no change in the moisture and heat

content of the nth block.

2.2. Numerical algorithm and implementation

Because the vegetation is treated as a separate layer in

the model from a numerical standpoint, we describe the

numerical algorithm and the validation tests for bare

soil (vegetation cover ¼ 0). The non-linear and coupled

equations for conservation of moisture and energy in

soil (1a) are linearized and solved using an explicit,

forward finite difference method [5,33]. In the model, the

dynamic response to non-linearity is lagged in time.
Combining the Eqs. (1a)–(1c), we obtain two equations

of the form:

M
ohl

ot
þ E

oT
ot

¼ X N
ohl

ot
þ F

oT
ot

¼ Y ð4Þ

where, X ¼ �r � ð~qqm=qlÞ, Y ¼ �r �~qqh, and the coeffi-

cients M , N , E, and F are dependent on soil properties

and are derived in Appendix A. M and E represent the

increase in total moisture content with water content

Canopy

Air

Thatch z = 0

Node

1

2

3

Qt

Qc

4

Root zone

Solar flux TIR flux Sensible heat flux Latent heat flux (Evapo-transpiration)

Precipitation

Drainage

Runoff
Qs

Soil

qh(n,n+1)qm(n,n+1)

qh(3,4)
qm(3,4)

n

z = depth in soil

qm = moisture flux between the nodes

qh = heat flux between the nodes

Qs = Soil-surface energy flux

Qt = Thatch energy flux

Qc = Canopy energy flux

n = depth of the lowermost  node

Fig. 2. Land surface processes simulated in the LSP model (adapted from [33]).
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and temperature of soil, respectively. N and F represent

the increase in thermal energy with water content and

temperature of soil, respectively. ohl=ot and oT =ot rep-
resent the temporal changes in moisture content and

temperature, respectively. Solving the above equations
simultaneously,

ohl

ot
¼ FX � EY

MF � EN
oT
ot

¼ MY � NX
MF � EN

ð5Þ

Fig. 3 gives a schematic representation of the difference
method as implemented in the model. It uses a block-

centered grid where the soil parameter values for each

computational block are assumed to be located at the

center of that block. Fig. 4 gives a flow diagram of the

computations in the LSP model. To begin, the soil and

the vegetation properties are initialized and the initial

energy and moisture fluxes are calculated. The model is

forced with weather, and a two-dimensional Newton–
Raphson technique is applied in conjunction with a

finite difference method to balance energy and moisture

fluxes at the soil surface. Fig. 5 gives a detailed de-

scription of the Newton–Raphson technique used in the

model. The boundary-flux matching process is repeated

until a specified convergence criterion is satisfied. The

resulting new fluxes are used to estimate the new surface

temperature and moisture. Once the surface temperature
and moisture are estimated, the difference method is

employed to calculate the new fluxes, temperature, and

moisture for each soil block.

3. Numerical validation

This section describes three tests conducted to ensure
that the numerical simulation in the LSP model is im-

plemented correctly, both qualitatively and quantita-

tively. This validation was critical because such tests

were never conducted during the development of the

model. As mentioned earlier, all the tests were con-

ducted for bare soil case with vegetation cover set to 0.

In the first test, the numerical solution is compared with

Fig. 3. A schematic representation of the finite difference method used in the LSP model.

Initialize soil and vegetation properties,

temperature and moisture profiles

Next time step

Weather forcings

Match boundary fluxes at
the surface using Newton 

Raphson Technique

Estimate new energy and moisture

moisture at the surface

Convergence
criterion satisfied?

a finite difference method

Last time step?

Exit module

No

No

Yes

Yes

(e&m) fluxes, temperature, and 

@ time = 0

@ time > 0

Calculate the new e&m fluxes, temperature,
and moisture at each node in the soil, using 

Fig. 4. A flow diagram of LSP model algorithm.
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an analytic solution for a simplified transport problem.

In the second test, we confirm that the physics of cou-

pled moisture and energy flow is correctly simulated for

a homogeneous soil when a symmetric initial tempera-

ture profile is used. In the third, we check errors in mass

and energy balance for a realistic simulation using
inputs from field observations. We also briefly discuss

the modifications made to the model for extending it to

the field conditions in the third test case.

3.1. The LSP numerical solution vs. an analytic solution

for a simple transport problem

We verify the quantitative accuracy of the model by

comparing the finite difference solution with an analytic

solution for a simplified problem chosen to model strong

coupling between moisture and heat transport in a dry,
vapor-dominated system [34]. In this problem, the soil

is at an equilibrium temperature ðT Þ and vapor den-

sity, ðqvÞ with no heat or moisture flow at the lower

boundary. The vapor density is suddenly increased at

the upper boundary by qv0, while the temperature at

the boundary is held constant at T . The vapor diffuses

into the soil and releases heat as it condenses. This

increases the soil temperatures temporarily, with both

the vapor density and the temperatures returning to

equilibrium, at their values at the upper boundary

[34].

We use an analytic solution for this problem as out-
lined by Crank [6] and is described in detail in Appendix

A. To compare the two solutions, we choose Yolo light

clay because it has been extensively studied and its

properties (see Table 1) are well documented [18,34,36].

The soil column is 0.1 m thick with the water retention

curve given by Eqs. (6a) and (6b). The initial and

boundary conditions are given in Eqs. (7a)–(7f). Because

the analytic solution is based upon constant soil prop-
erties, thermal capacity, latent heat of vaporization,

humidity, and thermal conductivity are kept constant in

the numerical simulation to achieve a better compari-

son. The changes in moisture and vapor density with

matric potential are also held constant.

hm ¼ 0:371 1

"
þ logðWÞ

2:26

� �4
#�1

þ 0:124 W < 0:01 m

ð6aÞ

Fig. 5. A schematic representation of the computations in the 2-D Newton–Raphson technique in the LSP model.
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hm ¼ 0:495 W P 0:01 m ð6bÞ

qv ¼ q�
v t ¼ 0 06 z6 0:1 ð7aÞ

T ¼ T � t ¼ 0 06 z6 0:1 ð7bÞ

qv ¼ q�
v þ qv0 tP 0 z ¼ 0 ð7cÞ

T ¼ T � t > 0 z ¼ 0 ð7dÞ

qm ¼ 0 tP 0 z ¼ 0:1 m ð7eÞ

qh ¼ 0 tP 0 z ¼ 0:1 m ð7fÞ

where, W is the matric potential and other symbols are

defined in Appendix A.

• T � ¼ 293:15 K and,

• q�
v ¼ 4:03	 10�3 kg/m3,

• qv0 ¼ 0:63	 10�3 kg/m3.

Fig. 6(a) and (b) compare the numerical and the analytic

solutions for moisture and temperature profiles as time

progresses from 10 min to 4 days. The temperature rose

as the increased vapor density penetrated into the lower

layers and condensed. The system reached equilibrium

after 
5 days. The numerical solution follows the ana-
lytic solution with a maximum difference of 2.2 mK for

temperature and 0.0006% for moisture over the com-

parison period.

(a)

(b)

Fig. 6. Comparison of analytic and numerical solution. (a) Volumetric soil moisture profiles. (b) Temperature profiles in soil as functions of time.

Table 1

Soil properties for Yolo light clay and other parameters used to cal-

culate the analytic solution

Properties/parameters Values

Porosity 0.495

Thermal conductivity 0.165 J/mKs

Thermal capacity 1.673663	 106 J/m3 K

Latent heat of vaporization (L) 2.45616	 106 J/kg

rc 0.274 m3/kg

xc 0 K�1

D 3.63	 10�8 m2/s

D 9.89	 10�8 m2/s

kc 0 kg/m3 K

mc 395.286 Km3/kg

The same soil properties were also used by the numerical model.
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3.2. Moisture and energy flow in a homogeneous soil

To confirm the proper implementation of coupled
moisture and energy propagation in homogeneous soil

profile, the LSP model is run with a symmetric initial

temperature profile (Fig. 7(a)), a constant initial mois-

ture profile (0.3 m3/m3), and zero heat and moisture

fluxes at the upper and lower boundaries. The soil is

modeled to a depth of 1 m and discretized into 20 blocks

of equal thickness and uniform constitutive properties

(see Table 2).
Fig. 7(a) and (b) show the temperature and moisture

profiles for selected times during a 43-day model simu-

lation. Heat flows down the temperature gradient, as

expected, and the soil achieves equilibrium temperature

after 
6 days (Fig. 7(a)). The moisture not only follows

the negative of the temperature gradient, but it also

follows gravity. Because the capillary retention curve is

linear in the vicinity of the moisture value of 0.3 m3/m3

(Fig. 7(c)), the moisture profile at equilibrium is linear
with depth (see Fig. 7(b)).

3.3. Mass and energy balance

The LSP model is tested for the conservation of mass

(moisture) and energy for a realistic scenario. The inputs

to run the model including incoming radiant fluxes, air

temperature, relative humidity, wind, and precipitation
were obtained from our fourth radiobrightness energy

balance experiment (REBEX-4) [23]. REBEX-4 was

a collaborative experiment with the Climate Research

Branch (CRB), Meteorological Service of Canada

(MSC), Canada. It was conducted during the growing

season from June 1996 through September, 1996 at the

US Geological Survey�s (USGS) Earth Resources Ob-

servation System (EROS) Data Center, about 30 km
north-east of Sioux Falls, South Dakota, USA

[15,16,23]. During the experiment, microwave bright-

nesses and micrometeorological parameters were ob-

served for an artificially created bare soil site, and an

undisturbed brome grass site concurrently. The bare soil

site was monitored by CRB and was prepared by killing

(a) (b)

(c)

Fig. 7. Propagation of moisture and heat: (a) Temperature profiles and (b) moisture profiles during the 43-day model run. (c) Soil water retention

curve from the two-parameter junction model of Rossi and Nimmo [43] at soil temperature 295 K.

Table 2

Soil constitutive properties used for model simulation to evaluate

errors in mass and energy balance

Properties Values

Texture 3.9% sand, 65.1% silt, 31.0% clay

Porosity 0.46

Saturated hydraulic conductivity 4.74	 10�7 m/s

Field capacity 0.294% by volume
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the grass with a herbicide, and ploughing and disking

the soil. The grass site was monitored by the UM-MGG.

The soil is modeled up to 5 m, with 9 nodes in the

upper 5.5 cm and time-step for the simulation is 3 s. 1

The initial conditions for the upper 8 cm of soil moisture
and temperatures are obtained from REBEX-4 obser-

vations. The initial temperature profile for the deeper

layer is estimated from an annual model [30]. The

moisture profile for the saturated layers below the

water-table at 2 m is set equal to porosity. The profile is

linearly interpolated for the soil blocks between 8 cm

and 2 m. Soil constitutive properties are constant with

depth as given in Table 2.
The LSP model required two modifications to make

the model more relevant to the field conditions. The

original version of the model had been calibrated only

during drydown periods and did not include an infil-

tration model during precipitation events. The lower

boundary condition did not allow for changes in heat

and moisture content with time in the lowermost, nth,
soil block, as mentioned in Section 2.1. To address the
first limitation, a simple infiltration model was included

to account for changes in infiltration with time and with

soil properties. The maximum infiltration rate ðImaxÞ,
defined as the volume of water per unit area of soil that

is allowed into the soil per second (m/s), depends on soil

hydraulic and physical properties, soil temperature,

vegetation cover, and surface characteristics like slope

and roughness [14]. In the modified model, this Imax is
estimated using a quasi-analytic solution to Richard�s
equation for vertical infiltration in a homogeneous soil

with a constant initial moisture profile [17,36–38]. Such

a solution (Eq. (8)) can be used because it is applied only

to estimate Imax at the surface and the soil properties of

the surface-block are homogeneous. The transport of

moisture in the deeper nodes is governed by the con-

servation equations given in (1b).

iðtÞ ¼ Aþ B
2
t�

1
2 ð8Þ

where,

A ¼ dKsat

B ¼ 2KsatWfðhs � h0Þ

where, d is an empirical parameter set to 0.66 [37], Ksat is

the saturated hydraulic conductivity, hs is the saturated

moisture content, h0 is the moisture content before

precipitation, and Wf is the matric head of the wetting

front estimated as the air entry pressure W0 [40].

The infiltration model included in the LSP model is
physically simplistic in that it does not include the affect

of ponded water on infiltration rate (I) when precipita-

tion rate (P ) is high. When P is less than the estimated I ,
the model uses P for moisture flux estimation at the

surface, otherwise it uses I . Any excess rain during high

P is treated as runoff.

To address the second limitation, the lower boundary
conditions were altered, from conditions on energy and

moisture fluxes to conditions on temperature and

moisture content. Because the fluxes into and out of the

nth soil block in the previous model were assumed equal,

the heat and the moisture content did not change in the

block over time. In the modified model, we set the

temperature ðT Þ and moisture ðhÞ at the nth block to be

the same as those of the block above ðn� 1Þ, i.e.,
hmðnÞ ¼ hmðn� 1Þ T ðnÞ ¼ T ðn� 1Þ ð9Þ

This moisture condition implies that there is no capil-

lary-driven force at the lower boundary. It is realistic

because the lowermost soil block is at a depth of 
5 m,

which corresponds to saturated zones in the Great

Plains region. The boundary condition for the temper-

ature implies that there is no heat conduction at

boundary. The zero temperature gradient condition is
appropriate if the time required for a temperature

change at the upper boundary to reach the lower

boundary exceeds the duration of the simulation. A

temperature change at the surface reaches the lower

boundary at 5 m in approximately 73 days, based upon

an analytical analysis similar to the one described in

Section 3.1. To explore the behavior at 5 m, a tem-

perature rise of 20 K was introduced at the surface of a
5 m soil column whose initial temperature and volu-

metric moisture were 293.15 K and 20%, respectively.

The moisture was held at the equilibrium value and the

lower boundary was closed to moisture or heat flow.

Fig. 8 shows the temperature profile in the soil after 20,

50, 60, 73, and 80 days. There was a 0.001 K rise in

temperature at the depth of 5 m after day 73. Applica-

tions of the model presented here are restricted to 20–30
days. If the simulations were inter-seasonal or annual,

then we would need more sophisticated boundary con-

ditions for the lower boundary.

After all the mass and energy fluxes at the upper and

lower boundaries, and changes in the fluxes at all the

nodes in the soil have been calculated, the following

mass and energy balance should hold for the soil as a

whole. For each time increment, dt,

qmð0; 1Þ � qmðn; nþ 1Þ ¼
Xn

i¼1

dðXmÞiDzi ð10aÞ

qhð0; 1Þ � qhðn; nþ 1Þ ¼
Xn

i¼1

dðXhÞiDzi ð10bÞ

where, Dzi is thickness of the ith soil-block; qmð0; 1Þ and
qhð0; 1Þ are the moisture and heat flux densities across

the upper soil boundary, respectively; qmðn; nþ 1Þ and

1 The conditions on time-step and number of nodes are obtained

from convergence tests conducted with the REBEX-4 data and are

described in [22].
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qhðn; nþ 1Þ, are the moisture and heat flux densities

across the lower boundary, respectively; and dðXmÞ, and
dðXhÞ are the total moisture and heat content per unit

volume, respectively.

Differences between the right and the left hand sides

of Eqs. (10a) and (10b) represent the instantaneous

errors in moisture balance ðerrmbÞ, and in energy balance

ðerrebÞ, respectively. The cumulative relative errors

(CREs) for mass, errrm, and for energy, errre, are cal-

culated with respect to the maximum of moisture and
energy fluxes at the upper and the lower boundaries as

shown in Eqs. (11a) and (11b), respectively. After a time

interval, tf ,

errrm ¼
Ptf

t¼1 ðerrmbÞtPtf
t¼1 max½jqmð0; 1Þj; jqmðn; nþ 1Þj

ð11aÞ

errre ¼
Ptf

t¼1 ðerrebÞtPtf
t¼1 max½jqhð0; 1Þj; jqhðn; nþ 1Þj

ð11bÞ

The CREs are used to evaluate accuracy of the numer-

ical solution. Figs. 9 and 10 show these errors for a 12-
day bare-soil model simulation during summertime,

from Julian day 193 (June 11) through day 205 (June 23)

in 1996. The CREs are negligible, relative to the mag-

nitude of the incoming heat and moisture fluxes,

throughout the simulation period (Figs. 9(a) and 10(a)).

Figs. 9(b) and 10(b) present magnitude of instantaneous

errors in mass and energy balance, respectively. The

errors are very small, with the maximum error in
moisture balance of 5	 10�7 kg/m2 and in energy bal-

ance of 2 J/m2. The positive and negative CREs for mass

and energy balance represent excess or deficit in total

moisture and energy content in the modeled soil column,

respectively. Fig. 9(c) shows the net moisture flux en-

tering the upper boundary, with precipitation on Julian

days 194, 196, 198, and 203. Fig. 10(c) shows the net

incoming energy flux at the upper boundary which is
primarily driven by insolation. Throughout the simula-

tion period, energy fluxes vary slowly with time during

(a)

(b)

Fig. 8. Results from an analytic solution to calculate the time necessary for a thermal pulse at the surface to reach the lower boundary at the depth of

5 m. (a) Temperature profiles in soil as functions of time. (b) The temperature profiles zoomed-in to show the pulse at the surface reaching 5 m on the

73rd day.
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the night and during clear days (Julian day 197 and 200),

but change rapidly during partly cloudy days. Note that

maximum errors coincide with the largest surface fluxes.

4. Summary

An LSP model, developed to be linked with a mi-

crowave emission model, was validated for its accuracy

in implementation of the numerical methods. The nu-

merical solution was compared with an analytic solution

for strongly coupled moisture and energy transport in a
vapor-dominated homogeneous soil. The two solutions

compared well, with the maximum differences of 2.2 mK

for temperature and 6	 10�4% for volumetric soil

moisture. The model was tested for heat and moisture

transport in a homogeneous soil with constant initial

temperature and moisture profiles. The modeled energy

propagated down the temperature gradient, and the

moisture followed the negative of the temperature gra-

dient and also followed gravity. The equilibrium profile

for the soil moisture matched the slope of the soil-water

retention curve. The LSP model was modified to extend

for a realistic case and was shown to conserve mass and

energy using inputs from field observations. The maxi-

mum errors in mass and energy were 5	 10�7 kg/m2 and
2 J/m2, respectively, for a 12-day simulation period.

These tests demonstrate the validity of the LSP model

for the simple test-scenarios, and its extendibility to a

more complex case.
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Appendix A

A.1. Simplification of conservation equations

The conservation of mass and energy equations are

simplified following [7] prior to applying the finite dif-

ference method to solve for temporal changes in soil

temperature and moisture profiles.

A.1.1. Conservation of mass

oXm

ot
¼ �r �~qqm ðA:1Þ

Xm ¼ qlðhl þ hvÞ ~qqm ¼~qql þ~qqv
oðhl þ hvÞ

ot
¼ � 1

ql

r �~qqm
ðA:2Þ

~qql
ql

¼ �Dhl � DTlrT � Kk̂k
~qqv
ql

¼ �Dhv � DTvrT

~qqm
ql

¼ �Dh � DTrT � Kk̂k ðA:3Þ

ohl

ot
¼ �r �~qql

ql

� E
ohv

ot
¼ �r �~qqv

ql

þ E ðA:4Þ

where,

• Xm is the total moisture content per unit volume (kg/

m3),
• ~qql,~qqv, and~qqm are the liquid, vapor and moisture flux

densities (kg/m2 s), respectively,

• ql is the density of liquid water (kg/m3),

• hl and hv are the volumetric liquid water (m3/m3) and

vapor content (m3 of precipitable water/m3), respec-

tively, and h ¼ hl þ hv,

• T is the absolute temperature (K),

• DT and Dh are the thermal and isothermal moisture
(liquid and vapor) diffusivities (m2/K s), respectively,

• K is the unsaturated hydraulic conductivity (m/s),

and

• E is the rate of evaporation (s�1).

From Eq. (3) in [7], hv can be defined as

hv ¼ ðP � hlÞ
q0h
ql

• P is the porosity m3/m3,

• q0 is the density of saturated water vapor kg/m3, and

• h is the relative humidity.

Taking the derivative of hv with respect to time, t,

ohv

ot
¼ � qv

ql

ohl

ot

� 	
þ P � hl

ql

h
oq0

ot

�
þ q0

oh
ot

	

q0 ¼ f ðT Þ and h ¼ f ðT ; hlÞ,

ohv

ot
¼ q0ðP � hlÞ

ql

oh
ohl

�
� qv

ql

	
ohl

ot

þ P � hl

ql

h
oq0

oT

�
þ q0

oh
oT

	
oT
ot

ðA:5Þ

Inserting ohv=ot from Eq. (A.5) in (A.2) and using~qqm=ql

from Eq. (A.3),

1



þ q0ðP � hlÞ

ql

oh
ohl

� qv

ql

�
ohl

ot

þ P � hl

ql

h
oq0

oT



þ q0

oh
oT

�
oT
ot

¼ r � Dhrhl

h
þ DTrT þ Kk̂k

i
ðA:6Þ

A.1.2. Conservation of energy

oXh

ot
¼ �r �~qqh ðA:7Þ

From Eqs. (10) and (11) in [7],

Xh ¼ CdðT � T0Þ þ L0qlhv þ cpqlhvðT � T0Þ

þ clqlhlðT � T0Þ � ql

Z hl

0

W dhl ðA:8Þ

~qqh ¼ �krT þ L0~qqv þ cpðT � T0Þ~qqv þ clðT � T0Þ~qql ðA:9Þ

where,

• Xh is the total heat content per unit volume (J/m3),

• ~qqh is the heat flux density (J/m2 s), respectively,

• Cm and Cd are the volumetric heat capacities of moist

and dry soils (J/m3 K), respectively,

• cp and cl are the specific heats (J/kgK) of water vapor

at constant pressure and of liquid water, respectively,
• L0 is the latent heat of vaporization (J/kg) at the ref-

erence temperature, T0,
• W is the differential heat of wetting, and

• k is the thermal conductivity of soil (J/mK s).

Taking the derivative of (A.8) with respect to time,

oXh

ot
¼ Cd

oT
ot

þ ql L0

�
þ cpðT � T0Þ

� ohv

ot

þ clqlðT � T0Þ
ohl

ot
� qlW

ohl

ot
ðA:10Þ
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Taking the divergence of (A.9) and substituting

r � ð~qqv=qlÞ and r � ð~qql=qlÞ from (A.4),

�r �~qqh ¼ kr � ðrT Þ � cp~qqv � rT � cl~qql � rT

þ L0ql

ohv

ot
þ cpqlðT � T0Þ

ohv

ot

þ clqlðT � T0Þ
ohl

ot
� L0qlE� cpqlðT � T0ÞE

þ clqlðT � T0ÞE ðA:11Þ

Equating (A.10) and (A.11)

Cd

oT
ot

� qlW
ohl

ot
¼ kr � ðrT Þ � cp~qqv � rT

� cl~qql � rT � LqlE ðA:12Þ

Solving for E from Eqs. (A.3)–(A.5),

E ¼ ohv

ot
þ 1

ql

r �~qqv

E ¼ q0ðP � hlÞ
ql

oh
ohl

�
� qv

ql

	
ohl

ot

þ P � hl

ql

h
oq0

oT

�
þ q0

oh
oT

	
oT
ot

�r � Dhvrhl½ þ DTvrT 

ðA:13Þ

Substituting E from (A.13), and ~qqv and ~qql from (A.3)

into (A.12),

Lq0ðP



� hlÞ
oh
ohl

� Lqv � qlW
�
ohl

ot

þ Cd



� LðP � hlÞ h

oq0

oT

�
þ q0

oh
oT

	�
oT
ot

¼ r � ðk½ � LqlDTvÞrT  þ Lqlr � ðDhvrhlÞ

þ ql ðcpDhv

h
þ clDhlÞrhl

þ ðcpDTv þ clDTlÞrT þ clKk̂k
i
� rT ðA:14Þ

Defining M and E as the coefficients from (A.6) and N
and F from (A.14) for Eq. (4) in Section 2.2 as follows:

M ¼ 1þ q0ðP � hlÞ
ql

oh
ohl

� qv

ql

ðA:15Þ

E ¼ P � hl

ql

h
oq0

oT

�
þ q0

oh
oT

	
ðA:16Þ

N ¼ Lq0ðP � hlÞ
oh
ohl

� Lqv � qlW ðA:17Þ

F ¼ Cd � LðP � hlÞ h
oq0

oT

�
þ q0

oh
oT

	
ðA:18Þ

A.2. Analytic solution for Section 3.1

An analytic solution for the problem described in

Section 3.1 follows Crank [6]. Eqs. (A.19a) and (A.19b)

can be linearized in the form (A.19c) and (A.19d).

D
o2qv

oz2
� o

ot
ðqv � kcT Þ ¼ 0 ðA:19aÞ

D
o2T
oz2

� o

ot
ðT � mcqvÞ ¼ 0 ðA:19bÞ

Dqv ¼ qv0F1 þ f ðF1; F2; qv0; T0Þ ðA:19cÞ

DT ¼ T0F2 þ f ðF1; F2; qv0; T0Þ ðA:19dÞ
where D, D, kc and mc are constants that depend on soil

properties [6],

• qv0 and T0 are the initial changes in vapor density (kg/
m3) and temperature (K) forced at the upper bound-

ary, respectively (T0 ¼ 0 for the problem in Section

3.1) and,

• Dqv and DT are the changes in vapor density and tem-

perature profiles as functions of time.

The first terms on the right hand sides of the Eqs.

(A.19c) and (A.19d) represent the solution if the diffu-
sion of vapor density and temperature were de-coupled.

The soil would come to an equilibrium with Dqv ¼ qv0

and DT ¼ T0, as functions F1 and F2 increased from

0! 1 when time increased from 0 ! 1. The second

terms represent the solution from coupling between the

two diffusion processes.

The forms of F1 and F2 depend on the shape of the

medium. The soil can be modeled as a plane sheet of
thickness, n, and F1 and F2 become

F1 ¼
X1
i¼0

ð�1Þierfc ð2iþ 1Þz� n

2
ffiffiffiffiffi
Dt

p

þ
X1
i¼0

ð�1Þierfc ð2iþ 1Þzþ n

2
ffiffiffiffiffi
Dt

p ðA:20aÞ

F2 ¼
X1
i¼0

ð�1Þierfc ð2iþ 1Þz� n

2
ffiffiffiffi
D

p
t

þ
X1
i¼0

ð�1Þierfc ð2iþ 1Þzþ n

2
ffiffiffiffi
D

p
t

ðA:20bÞ

where

• erfc x ¼ 1� ð2=p1=2Þ
R x
0
expð�g2Þdg,

• z is the depth in soil (m) and,

• t is the time (s).

The change in temperature, DT , vapor density, Dqv,

and moisture, DVf , as functions of depth and time are

given by Crank [6] as follows:

744 J. Judge et al. / Advances in Water Resources 26 (2003) 733–746



DT ¼ T0F2 �
ð1� l2

2DÞT0 � mcqv0

Dðl2
1 � l2

2Þ
ðF2 � F1Þ ðA:21aÞ

Dqv ¼ qv0F1 �
ð1� l2

1DÞqv0 � kcT0
Dðl2

1 � l2
2Þ

ðF2 � F1Þ ðA:21bÞ

DVf ¼ rcDqv � xcDT ðA:21cÞ

where,

l2
1 ¼

1

D
þ kcmc
D� D

l2
2 ¼

1

D
� kcmc
D� D

rc ¼
oVf
oqv

xc ¼
oVf
oT

The Eq. (1a) can be linearized to match the form of Eqs.

(A.19a) and (A.19b) if we assume negligible transport of

sensible heat by water vapor and negligible liquid flow,

as follows [34]:

ha
oqv

ot
þ ðql � qvÞ

ohm

ot
¼ o

oz
Dm

oqv

oz

� 	
ðA:22aÞ

Cm

oT
ot

� qlðLþ W Þ ohm

ot
¼ o

oz
k

��
� Dm

oqv

oT

����
W

�
oT
oz

	
ðA:22bÞ

where,

L ¼ L0 þ ðcp � clÞðT � T 0Þ

• ha, qv, ql, k, Cm, cl, cp, L0, T , T0 and W have been de-

fined for Eq. (1b),

• hm is the volumetric moisture content (m3/m3),

• Dm is an effective molecular diffusivity (m2/s) and,

• W is the matric head (m).
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